ABSTRACT. In this paper we define partially ordered quasi-uniform spaces (X, U, ≤) (PO-quasi-uniform spaces) as those spaces with a biconvex quasi-uniformity U on the poset (X, ≤) and give a construction of a (transitive) biconvex compatible quasi-uniformity on a partially ordered topological space when its topology satisfies certain natural conditions. We also show that under certain conditions on the topology τ U * of a PO-quasi-uniform space (X, U, ≤), the bicompletion ( e X, e U) of (X, U) is also a PO-quasi-uniform space ( e X, e U, ) with a partial order on e X that extends ≤ in a natural way.
Introduction
Throughout the paper by a quasi-uniformity on a set X we understand a quasi-uniformity defined by entourages of X ( [8] ). Recall that if X is a set and A, B are relations on X, then the inverse relation of A is the set A −1 = {(x, y) : (y, x) ∈ A}, and the composition of A and B is the set A • B = {(x, y) : there exists z ∈ X such that (x, z) ∈ A and (z, y) ∈ B}. The diagonal of the Cartesian product X × X is denoted by ∆. Every relation on X that contains ∆ is called an entourage. If x is a point in X and U is an entourage on X, we denote by U (x) the set {y ∈ X : (x, y) ∈ U }. Ò Ø ÓÒ 1.1º A quasi-uniformity on a set X is a non-empty collection U of entourages on X which satisfies the following conditions:
(QU1) If V ∈ U and U is an entourage on X such that V ⊂ U , then U ∈ U. (QU2) If U, V ∈ U, then U ∩ V ∈ U.
(QU3) For every U ∈ U there exists a V ∈ U such that V • V ⊂ U . The pair (X, U) is called a quasi-uniform space.
Although other ways of defining quasi-uniformities are known ( [10] ), the above is the most widely used.
Ò Ø ÓÒ 1.2º A subfamily B ⊂ U is called a base for the quasi-uniformity U if for each U ∈ U there exists a V ∈ B such that V ⊂ U . A subfamily S ⊂ U is said to be a subbase for the quasi-uniformity U if the family of finite intersections of members of S is a base for U.
If U is a quasi-uniformity on a set X, then the conjugate of U, that is the collection U −1 = {U −1 : U ∈ U} is also a quasi-uniformity on X. A quasiuniformity U on X that is equal to its conjugate is called a uniformity. In this case the pair (X, U) is called a uniform space. For further reading on the topic of uniformities see [2] , [11] , [14] .
If X is a set and U a quasi-uniformity on X, then {U ∩ U −1 : U ∈ U} is a base for a uniformity on X denoted by U * and U * is the coarsest uniformity containing U.
A (sub)base B for a quasi-uniformity is said to be transitive if each B ∈ B is a transitive relation. A quasi-uniformity with a transitive (sub)base is called a transitive quasi-uniformity.
For a quasi-uniformity U, by τ U we understand the topology on X generated by this quasi-uniformity. Precisely, τ U is the collection {A ⊂ X : for each x ∈ A there is U ∈ U such that U (x) ⊂ A}. If τ U = τ , for some topology τ , then U is said to be compatible with τ and (X, τ ) is said to admit U.
For further reading and recent advancements on quasi-uniform spaces one can consult [12] , [13] .
Let X be a partially ordered set (poset) with order relation ≤. To exclude trivial cases assume that all posets are nonempty. For any subset Y of a poset X, we define Y → = {x ∈ X : there is a y ∈ Y such that y ≤ x} and Y ← = {x ∈ X : there is a y ∈ Y such that x ≤ y}. The set of all lower (upper ) bounds of Y is denoted by Y − (Y + ). There are many different intrinsic topologies that one can consider on a poset (see for example [3] , [4] , [5] ). Two particular topologies that have been investigated are the following: 
. This is because for every one dimensional subspace q of
containing q will also contain p. On the other hand, for every one dimensional subspace p of
The following proposition will be needed later.
Below we would need the following topology on a poset (X, ≤) which we denote as θ r (X).
Ò Ø ÓÒ 1.4º The real topology on X, denoted by θ r (X) is the topology ob- Since the open interval topology and the interval topology are in general incomparable, θ r is in general finer than both θ oi and θ i . It is not difficult to see that for linearly ordered sets the three topologies θ oi , θ i and θ r coincide.
Partially ordered quasi-uniform spaces
Ò Ø ÓÒ 2.1º An entourage U on a poset (X, ≤) is said to be biconvex if for every x ∈ X, U (x) and U −1 (x) are convex subsets of X. A quasi-uniformity on (X, ≤) is called biconvex if it has a base consisting of biconvex entourages.
ÈÖÓÔÓ× Ø ÓÒ 2.1º If U is a biconvex quasi-uniformity on a poset X, then U * is a convex uniformity on X. P r o o f. Assume that U is a biconvex quasi-uniformity on a poset X. Then there exists a base B for U such that for each U ∈ B, U (x) and U −1 (x) are convex for all x ∈ X, and consequently
U ∈ B} is a symmetric base for the uniformity U * on X, U * is a convex uniformity on X.
Observe that the converse does not hold. For let V be the quasi-uniformity on a poset X generated by the base {∆}, and let a, b be distinct points in X such that ]a, b[ = ∅. Then any base for the quasi-uniformity
* is a convex uniformity on X, U is not a biconvex quasi-uniformity on X.
Ò Ø ÓÒ 2.2º A triple (X, U, ≤) is called a partially ordered quasi-uniform space (PO-quasi-uniform space) if U is a biconvex quasi-uniformity on the poset (X, ≤).
The following proposition gives a construction of a (transitive) biconvex compatible quasi-uniformity on a partially ordered topological space when its topology satisfies certain natural conditions. Below by a partially ordered topological space (X, θ, ≤) we understand a partially ordered set (X, ≤) with a topology θ on X.
ÈÖÓÔÓ× Ø ÓÒ 2.2º Let (X, θ, ≤) be a partially ordered topological space which satisfies the following conditions:
for a subset G of X, is a subbase for a quasi-uniformity U on X which is:
compatible with θ, i.e., τ U = θ.
QUASI-UNIFORM COMPLETIONS OF PARTIALLY ORDERED SPACES
One can note that by Proposition 1.1, (b) is satisfied if θ oi ⊂ θ. Also, 
P r o o f. For every G ∈ θ we have that ∆ ⊂ S(G) and it can be easily seen that S(G) • S(G) = S(G)
. Therefore S is a subbase for a transitive quasi-uniformity, which we denote by U. Let B ∈ B, where B is a base for U consisting of finite intersections of elements of S. There exists {S(G i ) :
ÈÖÓÔÓ× Ø ÓÒ 2.3º Let (X, θ, ≤) be a partially ordered topological space, and let {U i : i ∈ I} be a nonempty collection of biconvex quasi-uniformities compatible with θ. Then U = sup{U i : i ∈ I} is a biconvex quasi-uniformity compatible with θ. If for each i ∈ I, U i is transitive, then U is also transitive. P r o o f. Let (X, θ, ≤) be a partially ordered topological space, and let {U i : i ∈ I} be an arbitrary collection of biconvex quasi-uniformities compatible with θ. Then a subbase for the quasi-uniformity U = sup{U i : i ∈ I} is {U i : i ∈ I}.
Let U ∈ U. Then there exists B ∈ U such that B ⊂ U and B = n j=1 U j , where n ∈ N and U j ∈ U ij , for i j ∈ I. Since each U ij is biconvex, we may assume that for 1 ≤ j ≤ n, U j (x) and U −1 j (x) are convex for all x ∈ X. It follows that B(x) and B −1 (x) are convex for all x ∈ X. Hence the quasi-uniformity U is biconvex.
The proof that U is compatible with θ is standard.
If each U i is transitive, then each U i has a transitive base, say 
(Bi)Completions of a PO-quasi-uniform space
Recall that a quasi-uniform space (X, U) is said to be bicomplete if every U * -Cauchy filter on X has a τ U * -cluster point. This is equivalent to saying that every U * -Cauchy filter on X has a τ U * -limit point. Thus a quasi-uniform space (X, U) is bicomplete if, and only if, the uniform space (X, U * ) is complete. Uniform completions of linearly ordered topological spaces and generalized ordered spaces have been studied in [1] , [8] , [9] . One can also add that ideals have also been used to construct completions in [6] , [7] .
Below, given a point x of a quasi-uniform space (X, U), by N x we denote the τ U -neighborhood filter of x, by N −1
x we denote the τ U −1 -neighborhood filter of x, and by N * x we denote the τ U * -neighborhood filter of x.
QUASI-UNIFORM COMPLETIONS OF PARTIALLY ORDERED SPACES
Let (X, U) be a quasi-uniform space. A U * -Cauchy filter on X is said to be minimal if it contains no U * -Cauchy filter other than itself. It is known that for each point x in a quasi-uniform space (X, U), N * x is a minimal U * -Cauchy filter on X.
A bicompletion of a quasi-uniform space (X, U) is a bicomplete quasi-uniform space (Y, V) that has a τ V * -dense subspace quasi-unimorphic to (X, U). Every T 0 quasi-uniform space (X, U) has a T 0 bicompletion ( X, U). The construction is as follows. Let X be the set of all minimal U * -Cauchy filters on X and map each point x ∈ X to N * x ∈ X. For every U ∈ U, one defines U = {(F , G) ∈ X × X : there exists F ∈ F and G ∈ G such that F × G ⊂ U }. Then { U : U ∈ U} is a base for a bicomplete quasi-uniformity U on X.
Ì ÓÖ Ñ 3.1º Let (X, U, ≤) be a PO-quasi-uniform space such that θ r ⊂ τ U * and let ( X, U) be the bicompletion of (X, U). Then there exists a partial order on X which extends ≤ such that ( X, U, ) is a PO-quasi-uniform space.
Remark 3.1º
If the quasi-uniformity U is a uniformity and ≤ is a linear order, then the above extension is the unique linear order on ( X, U) that extends ≤ and makes U convex. P r o o f. As explained above, X is the set of all minimal U * -Cauchy filters on X. For F , G ∈ X we say that F G if, and only if, F = G or for any two sets F ∈ F, G ∈ G, there exist convex sets F 1 ∈ F and
Evidently is reflexive. To check that is antisymmetric let F G and G F for some F , G ∈ X. Assume that F = G, otherwise we are done. Choose any F ∈ F and G ∈ G, then there exist convex
It follows that F ∈ G and G ∈ F, and by the arbitrariness of F and G, F = G. To check that is transitive, let F G and G H for some F , G, H ∈ X. Assume that F , G, H are distinct, otherwise we are done. Choose any F ∈ F, G ∈ G and H ∈ H, then there exist convex F 1 , F 2 ∈ F, G 1 , G 2 , G 3 , G 4 ∈ G and To show that extends ≤ we need to show that for every x, y ∈ X, x ≤ y if, and only if, N * x N * y . Let x, y ∈ X such that x ≤ y, x = y, and let F ∈ N * x , G ∈ N * y . By Proposition 2.1, τ U * has a convex base, and so there exist convex sets F ∈ N * x and G ∈ N *
, then x ≤ a and x ≤ a, which is a contradiction. Consequently x ≤ y.
Next we show that ( X, U, ) is a PO-quasi-uniform space. As explained above, { U : U ∈ U} is a base for U, where
Since U is a biconvex quasi-uniformity on (X, ≤), one can take { U : U is a biconvex member of U} as a base for U.
Let U be a biconvex member of U. To show that U (F ) is convex for every F ∈ X, let G, H ∈ U (F ) and E ∈ X such that G E H. Then there exist
is convex for every x ∈ X, and so one can apply the same argument as the one above to show that U −1 (F ) is convex for every F ∈ X. It follows that U
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is a biconvex quasi-uniformity on ( X, ), i.e., ( X, U, ) is a PO-quasi-uniform space.
Recall that a quasi-uniform space (X, U) is said to be complete if every U-Cauchy filter on X has a τ U -cluster point. A completion of a quasi-uniform space (X, U) is a complete T 1 quasi-uniform space (Y, V) that has a dense subspace quasi-unimorphic to (X, U).
Unlike bicompletions, not every quasi-uniform space has a completion. The following result is known ( [8] ).
Ì ÓÖ Ñ 3.2º Let (X, U) be a T 1 quasi-uniform space. The following statements are equivalent:
The completion, once it exists, is constructed as follows. Let F = {F : F is a U-Cauchy filter on X that has no cluster point} and let X = X ∪ F. Let Φ be the collection of all choice functions that pick a member of each filter in F, that is Φ = {φ : φ : F → 2 X and φ(F ) ∈ F}. For every U ∈ U and every φ ∈ Φ we define a set S(U, φ) = U ∪ ∆ ∪ {(F , x) ∈ F × X : x ∈ U (φ(F ))}. It is shown that {S(U, φ) : U ∈ U and φ ∈ Φ} is a base for a complete T 1 quasi-uniformity U on X and that ( X, U) contains (X, U) as a dense open subset. With the following natural extension of the partial order similar to the one defined in Theorem 3.1 one would have hoped for a similar result to that obtained in the same theorem, unfortunately one does not. To be more precise:
Let (X, U, ≤) be a PO-quasi-uniform space such that θ r ⊂ τ U . If the completion ( X, U) of (X, U) exists (see Proposition 3.2), then one can define a partial order on X which extends ≤ in the following way.
Let X = X ∪ F as above. For U-Cauchy filters F and G on X we say that F G if, and only if, F = G or for any two sets F ∈ F, G ∈ G, there exist convex sets
For x, y ∈ X, we say that x y if, and only if, x ≤ y. For x ∈ X and G ∈ F, we say that x G (G x) if, and only if,
The proof that is a partial order on X is analogous to the statement in the proof of Proposition 3.1 and evidently, the partial order on X extends the partial order ≤ on X.
Unfortunately, due to the way the completion is constructed, even if the completion ( X, U) of (X, U) exists, ( X, U, ) does not have to be a PO-quasiuniform space. This is because U does not have to be biconvex as the following example shows. One must also add that this counterexample does not depend on the extension of the partial order and therefore no extension of the partial order to the completion in this case makes ( X, U, ) a PO-quasi-uniform space. 
x y and y x for all x ∈ Y q , y ∈ Y , where q ∈ Q + , −q < y < q in R;
x < y for all x ∈ Y q , y ∈ Y , where q ∈ Q + , q ≤ y in R;
y < x for all x ∈ Y q , y ∈ Y , where q ∈ Q + , y ≤ −q in R.
It can be easily seen that (X, ≤) is a poset. Let B θr be the collection of all convex sets A ∈ θ r such that either A ∩ Y = ∅ or A ∩ Y q = ∅ for all q > x and some x ∈ R. Then B θr is a convex base for θ r and θ oi ⊂ θ r , so that G ← , G → ∈ θ r for every G ∈ B θr . By Proposition 2.2, S = {S(G) : G ∈ B θr } is a subbase for a quasi-uniformity U on X which is transitive, biconvex and compatible with θ r , i.e., τ U = θ r .
Let F be the filter in X generated by the filter base B 
